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ABSTRACT .  It is shown that the squared operation of the Dirac equation  
which is widely applied may create new solutions and moreover may change the 
inner nature of original equation. Some illustrating examples are considered as 
well.  
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 Dirac equation is widely used to investigate problems of relativistic quantum 
mechanics for fermions. There exist physically interesting cases, when the Dirac 
equation can be solved analytically [1]. At the same time, as a rule, the 
supersymmetry[2] is also appeared in these cases. 
       We want to notice, that squaring of Dirac equation is often used in practice to 
manifest a supersymmetry and to solve equation – more precisely, it reduces to ordinary 
second order differential equation, which can be studied by well known standard 
methods. 
 In this letter we want to pay attention to the fact, that in process of squaring of 
Dirac equation it is necessary to keep some caution. We imply the following: reduction 
of the Dirac equation to the second order equation occurs with the aid of various 
methods. One of the methods is manipulation on the equation, for example, expression 
of wave function components by the rest components and obtaining for later second 
order equation [3]. Other methods use squaring of the Hamiltonian or multiply on 
“conjugate” operator. In each cases there arise a question –get one or not some 
additional solutions? Below we consider typical examples and make things clear.  
 We consider various models of Dirac Hamiltonian and study asymptotic behavior 
of solutions at large distances by two methods: a) by Dirac equation and b) by its 
squaring. We shall see that some cases are nontrivial.  
Example 1 
 Let consider following Hamiltonian 
                       ( ) ( )rVHrVmpH D +=++⋅= βα rr ,                (1) 
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where mpH D βα +⋅= rr  is free Dirac Hamiltonian. In this consideration ( )rV  is zero 
component of Lorentz 4 – vector and it corresponds to inclusion of gauge invariant 
interaction in the relativistic Lagrangian. Such a Hamiltonian commutes with so called 
Dirac’s  K – operator for arbitrary central potential [4] 
                                            ( )1+⋅Σ= lK rrβ                                                             (2) 
 
Here Σr  is spin-matrix of Dirac particle, ),( σσ rrr diag=Σ , and lr is orbital 
momentum. It is known [5], that eigenvalues κ  of K, are degenerate with respect to 2 
signs, κ± . It is possible to describe this degeneracy by certain A operator, which 
anticommutes with K [6,7]. If we demand, that this operator commutes with H, then one 
find, that it happens only for Coulomb potential [8]. A and AK together constitute basis 
of N = 2 supersymmetric algebra and give a possibility to solve algebraically the 
Coulomb problem [6,7,9]. 
Let’s solve Dirac stationary equation Ψ=Ψ EH  for Hamiltonian (1) by standard 
method. Let present  
                                      ⎟⎟⎠
⎞
⎜⎜⎝
⎛=Ψ χ
ϕ                                    (3)  
and  in obtained equation exclude lower components  by the relation 
                        ϕσχ p
VmE
rr ⋅−+=
1
                         (4)  
Then for upper components one get the following equation 
                        
          ( )[ ] ( )
r
rrr
VmE
rVimVEp
rrrrr ≡=⋅−+
′−+−− ˆ,0ˆ222 ϕσϕ                             (5)     
It is obvious, that if    ( )rV  is increasing potential 
                          ( ) ∞=
∞→
rV
r
lim ,                             (6) 
then in the  equation (5) leading asymptotic behaviour is 
                        ( ) 022 ≈− ϕVp ,                                                          (7) 
or in the configuration space one get following asymptotic equation 
                       ( ) ( ) 022
2
=⎟⎟⎠
⎞
⎜⎜⎝
⎛ + rrV
dr
d ϕ                          (8) 
        As ( )rV  is increasing, for example, oscillator or linear potential, this equation 
have no asymptotically decreasing (normalizable) solutions, it has only oscillating 
solutions, i.e. this equation have no bound states (Klein paradox [10]). 
Now consider equation obtained by squaring of Dirac equation, Ψ=Ψ 22 EH . 
Calculation gives 
            ( ) ( ) ( )( ) ⎟⎟⎠⎞⎜⎜⎝⎛=⎟⎟⎠⎞⎜⎜⎝⎛′⋅−⋅++++ χϕχϕααβ 2222 ˆ22 ErVripVmVVmp rrrrr        (9) 
An asymptotic form for the above class of increasing potentials is   
                               ( ) 0)( 22 ≈⎟⎟⎠
⎞
⎜⎜⎝
⎛+ χ
ϕ
Vpr  
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  We see, that one has an opposite sign, compared to (7) and therefore radial 
asymptotic equation is 
                        ( ) ( ) 022
2
≈⎟⎟⎠
⎞
⎜⎜⎝
⎛ − rrV
dr
d ϕ                                                (10) 
 This equation has normalized solution with decreasing asymptotic, i.e. one has 
solutions corresponding to bound states. So squaring of Dirac equation changes the 
nature of this equation. Such a squaring remains symmetries of corresponding original 
equation, but there appears an additional solution, which doesn’t have original Dirac 
equation. 
 So it is clear, that one should handle with care when infinitely increasing potentials 
are considered in the Dirac equation. 
 In Classical Mechanics infinitely increasing potential – isotropic oscillator gives a 
motion on the closed periodical orbits, but the Dirac equation for such kind of potentials 
have no bound states. So this classical example has no analogy in the Dirac equation, in 
spite of the Coulomb potential. These two potentials have different loading for Dirac 
equation. 
Example 2 
        Let’s now consider Dirac Hamiltonian with vector potentials 
 
                      AHmApH D
ˆˆ rrrrr ⋅−=+⎟⎠
⎞⎜⎝
⎛ −⋅= αβα                  (11)    
Here generally Aˆ
r
  together with vector may contain also some kind of Dirac’s 
matrices. 
    a) Let, [ ]rnBA rrr ×=ˆ  - which is a vector potential of uniform magnetic field, nr  is 
the unit vector, normal to plane, which is determined by  rr  and pr  vectors. 
      By standard manipulations on the Dirac equation, one obtains the Pauli’s like 
equation for upper components 
       ( ) ( ) ( ) 0222222 =⋅⋅−⋅−⋅−⋅∇++−− ϕσϕσϕϕ prniBBpAAiApEm rrrrrrrrrrrr                (12) 
     It is obvious, that if  A
r
 is infinitely increasing, for example BrA =r , as it is in 
our case, then 2A
r
 is dominant term and the problem is reduced to the asymptotic  
form of the oscillator potential  
                              ( ) 0222
2
≈⎟⎟⎠
⎞
⎜⎜⎝
⎛ − rrB
dr
d ϕ  
i.e. Dirac equation in uniform magnetic field has bound states [1]. 
    If we consider squared equation, one also gets  right asymptotic behavior. 
    So in this example squared and Dirac equation have same asymptotics. 
b). Let, now rimA r
r ωβ=ˆ . This is so called “Dirac oscillator” [11]. In this case Dirac 
equation for upper component has following form 
               ( ) ( ) ( )ϕωϕϕω 222222 32 mEmlrmp −=+⋅Σ−+ rrr                (13)  
and equation has asymptotic behaviour, corresponding to bound states. It is 
interesting, that in this example by squaring we get same equation. 
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      In conclusion, we want to underline once again that squaring of the Dirac 
equation may change drastically the inner nature of Dirac problems. Particularly 
this phenomenon occurs in cases with infinitely increasing potentials and the 
appropriate caution must be developed.   
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